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Appendix A
Definitions for Ordered Sets

The appendices contain all the formal definitions, propositions and proofs for
developing a model of the display process based on lattices. Here we list some basic

definitions from the theory of ordered sets.

Def. A partially ordered set (poset) is a set D with a binary relation < on D such

that, Vx,y,z e D

@) X <X "reflexive"
(b) X<Yy&Y<X=>X=ZY "anti-symmetric"
(©) X<Yy&Yy<z=>x<12 "transitive"

Def. An upper bound for a set M < D is an element x € D such that

vy e M.y <x.
Def. The least upper bound of a set M < D, if it exists, is an upper bound x for M
such that if y is another upper bound for M, then x <y. The least upper bound of M is

denoted sup M or /M. sup{x,y} is written x v/ y.

Def. A lower bound for a set M < D is an element x € D such that Vy € M. x <.
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Def. The greatest lower bound of a set M < D, if it exists, is a lower bound x for
M such that if y is another lower bound for M, then y <x. The greatest lower bound of

M is denoted inf M or /AM. inf{x,y} is written x A y.

Def. Asubset M c Disadown setif VX e MYy e D.y<x=Yy e M. Given
M < D, define M = {y € D| 3x € M. y < x}, and given x e D, define
Ix={yeD|y<x}

Def. Asubset M c Disanupsetif Vx e M. Vy e D.x<y =y e M. Given
M c D, define TM = {y € D| 3x € M. x <y}, and given x € D, define
T™x={yeD|x<y}

Def. A subset M < D is a chain if, for all X,y € M, eithery <x or x<y.

Def. A subset M < D is directed if, for every finite subset A — M, there is an

X € M such that Yy € A.y <x.

Def. A poset D is complete (and called a cpo) if every directed subset M < D has

a least upper bound \/M and if there is a least element L € D (that is, Vy € D. L <y).

Def. If D and E are posets, we use the notation (D — E) to denote the set of all

functions from D to E.

Def. If D and E are posets, a function f:D—E is strict if f(1) = L.
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Def. If D and E are posets, a function f:D—E is monotone if
VX, y € D. x<y = f(x) <f(y). We use the notation MON(D — E) to denote the set of all

monotone functions from D to E.

Def. If D and E are posets, a function f:D—E is an order embedding if

VX, y € D.x<y < f(x) <f(y).

Def. Given posets D and E, a function f:D—E, and a set M < D, we use the

notation f(M) to denote {f(d) | d € M}.

Def. If D and E are cpos, a function f:D—E is continuous if it is monotone and if

f(\/M) = \/f(M) for directed M c D.

Def. If D is a cpo, then x € D is compact if, for all directed M < D,

x<\IM=13y e M.x<y.

Def. Acpo D is algebraic if forallx e D, M={y € D |y < x &y compact} is
directed and x = \/M.

Def. A cpo D is a domain if D is algebraic and if D contains a countable number

of compact elements.

Most of the ordered sets used in programming language semantics are domains.

Def. A poset D is a lattice if forall x,y € D, x vy and x A y exist in D.
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Def. A poset D is a complete lattice if for all M = D, \/M and /\M exist in D.
Def. If D and E are lattices, a function f:D—E is a lattice homomorphism if for all
X,y € D, f(x A y) =f(X) A f(y) and f(x v y) = f(X) v f(y). If f.D—E is also a bijection then

it is a lattice isomorphism.

Def. A binary relation = on a set D is an equivalence relation if ¥x,y,z € D

@) X=X "reflexive"
(b) X=y&sy=X "symmetric"
(©) X=y&Yy=z=>X=12 "transitive"

Def. idp denotes the identity function on D. Given a function :D—D,

im(f) = {f(d) | d € D}.

Def. If D is a cpo, a continuous function f:D—D is a retraction of D if f= fof.
A retraction f:D—D is a projection if f < idp and a finitetary projection if in addition
im(f) is a domain. A retraction :D—D is a closure if f > idp and a finitetary closure if in

addition im(f) is a domain.

Def. If D and E are cpos, a pair of continuous functions f:D—E and g:E—D are a
retraction pair if g o f<idp and f o g = idg. The function g is called an embedding, and

f is called a projection.



165

Appendix B

Proofs for Section 3.1.4

Here we present the technical details for Section 3.1.4. We can interpret

Mackinlay's expressiveness conditions as follows:

Condition 1. VP € MON(U — {L, 1}). 3Q € MON(V — {L, 1}).
Vu e U. P(u) = Q(D(u)).

Condition 2. VQ € MON(V — {L, 1}). 3P ¢ MON(U — {L, 1}).
vv e V. Q(v) = P(D-1(v)).

Prop. B.1. If D:U — V satisfies Condition 2 then D is a monotone bijection from
U onto V.

Proof. D is a function from U to V, and Condition 2 requires that D-1 is a functon
from V to U, so Conditon 2 requires that D is a bijection from U onto V. Next, assume
that x <y, and let Qy = Av € V. (if (v > D(x)) then 1 else L). Then by Condition 2 there is
a monotone function Py such that Vv € V. Qy(v) = PX(D'l(v)). Since D is a bijection,
this is equivalent to Yu € U. Qy(D(u)) = Pyx(u). Hence, Qx(D(Y)) = Px(y) = Px(x) =
Qx(D(x)) =150 Qy(D(y)) =1 and D(y) = D(x). Thus D is monotone. ®

By Prop. B.1, Conditon 2 is too strong since it requires that every display in V is
the display of some data object under D. Since U is a complete lattice it contains a

maximal data object X (the least upper bound of all members of U). For all data objects
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u e U, u<X. Since D is monotone this implies D(u) < D(X). We use the notation {D(X)
for the set of all displays less than D(X). +D(X) is a complete lattice and for all data
objects u € U, D(u) e ¥D(X). Hence we can replace V by {D(X) in Condition 2 in order
to not require that every v e V is the display of some data object. We modify Condition

2 as follows:

Condition 2'. VQ € MON(YD(X) — {L, 1}). 3P e MON(U — {1, 1}).
vv e 1D(X). Q(v) = P(D-1(v)).

Def. A function D:U — V is a display function if it satisfies Conditions 1 and 2'.

The next two propositions demonstrate the consequences of this definition.

Prop. B.2. If D:U—YV is a display function then:
@) D is a bijective order embedding from U onto +D(X)
(b) VveV.(Fu e U v<D(U') = 3u e U.v=D(u))
() VMcU.\VD(M)=D(VM) and VM < U. \D(M) = D(/\M).

Proof. For part (1), D is a function from U to V, and Condition 2' requires that D-
1 is a functon from ¢D(X) to U, so D is a bijection from U onto +D(X).

To show that D is an order embedding, assume that D(x) < D(y), and let
Py =Au € U. (if (u>x) then 1 else L). Then by Condition 1 there is a monotone
function Qy such that Yu e U. Qy(D(u)) = Px(u). Hence, Px(y) = Qx(D(y)) = Qx(D(x)) =

Py(X) =150 Px(y) =1 and y > x. Now assume that x <y, and let
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Qx =Av e V. (if (v> D(x)) then 1 else L). Then by Condition 2' there is a monotone
function Py such that Vv € V. Qy(v) = PX(D'l(v)). Since D is a bijection, this is
equivalent to Yu € U. Qy(D(u)) = Px(u). Hence, Qy(D(y)) = Px(y) = Px(X) = Qx(D(x)) =
150 Qy(D(y)) =1 and D(y) = D(x). Thus D is an order embedding.

For part (b), note that if 3u’' € U. v < D(u'), then v < D(X) and v € {D(X) so
du € U.v=D(u).

For part (c), vm € M. m < \/M so ¥m € M. D(m) < D(\/M) and so
\/D(M) < D(\/M). Thus, by part (2), 3u € U. D(u) = VD(M), and ¥Ym € M. D(m) < D(u)
so Vm € M. m < u and thus \/M < u. Therefore D(\/M) < D(u) = \/D(M), and thus
D(VM) =\/D(M).

Next, vm € M. \AM <m so Vm e M. D(/\M) < D(m) and so D(/AM) < /AD(M).
For any m € M, AD(M) < D(m), so, by part (2), 3u € U. D(u) = /AD(M), and
vm e M. D(u) < D(m) so Ym € M. u<m and thus u < /\M. Therefore
A\D(M) = D(u) < D(/\M), and thus D(/\M) = AD(M). &

As a corollary of Prop. B.2, next we show that display functions are lattice

isomorphisms, and are continuous in the sense defined by Scott.

Prop. B.3. D:U — V is a display function if and only if it is a lattice isomorphism
of U onto ¢D(X), which is a sublattice of V. Furthermore, a display function D is
continuous.

Proof. Assume D:U — V is a display function. Forany x,y € U, let M = {x, y}.
Then, by Prop. B.2, D(x v y) = D(x) v D(y) and D(x A y) = D(x) A D(y), so D is a lattice
homomorphism. Next, a,b e $D(X) =>a,b<D(X)=avb,arnb<DX) =
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D(a v b), D(a A b) € +D(X), so ¢D(X) is a sublattice of V. By Prop. B.2, D is bijective,
so it is a lattice isomorphism.

Assume D:U—{D(X) is a lattice isomorphism. If x <y then D(y) = D(X v y) =
D(X) v D(y) 2 D(x). If D(x) < D(y) then y = D-1(D(y)) = D-X(D(X) v D(y)) =
D-1(D(x v y)) =x vy=x. Thus D is an order embedding. Hence it is injective
[that is D(x) = D(y) = D(x) < D(y) = x <y and D(x) = D(y) = D(y) < D(X) = y <X, SO
D(x) = D(y) = x=V]
so D1 is defined on D(U) c V. Given P € MON(U — {L , 1}), define
Q=xv e V.\{P(DL(v)) |v'<v &V e D(U)}. The setof v' such that v' < v and
v' € D(U) always includes D(L), so Q is defined for all v € V. Q is a function from V to
{L, 1}, and Q is monotone since

VisVvo={V' |V <V &V e DU)}c{v' |V Svy, & V' e D(U)}. Then, forallu e U,

Q(D(W)) = V{P(DL(v)) |v' < D(u) & v' € D(U)} =
P(D-1(D(u))) v V{P(D"1(v")) | v' < D(u) & v' € D(U)} =

[since P and D-1 are both monotone, v' < D(u) = P(D-1(v")) < P(D-1(D(u)))]
P(D-L(D)) = P(u).

This is equivalent to P = Q o D. Thus D satisfies Condition 1.

Given Q € MON(V — {L, 1}), define P =Au € U. Q(D(u)). P is a function from
Uto {L, 1}, and P is monotone since Q and D are monotone. Clearly
Vu e U. Q(D(u)) = P(u). Since D is a lattice isomorphism it is a bijection from U onto
ID(X) so this is equivalent to YvedD(X). Q(v) = P(D-1(v)). Thus D satisfies Condition

2" and is a display function.
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A display function D is an order embedding and thus monotone. For any directed

set M c U, \/D(M) = D(\/M) by Prop. B.2, so D is continuous. W
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Appendix C

Proofs for Section 3.2.2

Here we present the technical details for Section 3.2.2. Our lattices of data
objects and of displays are defined in terms of scalar types. Each scalar type defines a
value set, which may be either discrete or continuous, and which includes the undefined

value L. We use the symbol R to denote the set of real numbers.

Def. A discrete scalar s defines a countable value set Ig that includes a least

element L and has discrete order. Thatis, VX,y € lg. X<y = (X=L1 &y = 1)).

Def. A continuous scalar s defines a value set
Is={L}u{lXx, y]1Ix Yy € R&x <y} (that is, the set of closed real intervals, plus L) with

the order defined by: L <[x, y] and [X, y] < [u, v] < [u, V] < [X, Y]

Prop. C.1. Discrete and continuous scalars are cpos. Discrete scalars are
domains. However, a continuous scalar is not algebraic because its only compact
element is L, and hence it is not a domain.

Proof. A discrete scalar s is clearly complete. To show that a continuous scalar s
is complete, let M be a directed set in . We need to show that
/M =(Y{[u, V]| [u, v] € M} is an interval in lg. Set x = max{u | [u, v] € M} and
y=min{v|[u,v] e M}. Ify<x,seta=x-y,y'=y+a/3andx' =x-a/3s0y <X.

Then 3[uq, v1] € M. v1 <y'and 3[ug, vo] € M. up > X', so [ug, V1] N [up, vo] = ¢. But
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M directed implies that 3[ug, v3] € M. [uz, v3] < [uq, v1] N [up, v2]. Thisis a
contradiction, so x <y and [x, y] = VM.

Let s be continuous and pick [x, y] € ls. To see if [X, y] is compact, set
Ap=[x-2"y+2N]. Then[x,y]= V3An and {An} is a directed set, but
—3Ap. [X, ] £ Ap (that is, there is no interval A contained in [x, y]. Thus L is the only

compact element in Ig (for s continuous). W

We define a tuple space as the cross product of a set of scalar value sets, and
define a data lattice whose members are sets of tuples. Note that we use the notation XA

for the cross product of members of a set A.

Def. Let S be a finite set of scalars, and let X = X{I | s € S} be the set of tuples
with an element from each Ig. Let ag denote the s component of a tuple a € X. Define an

order relation on X by: fora,b € X,a<bif Vs € S. ag < bg.

Prop. C.2. LetAc X. If bg =\/{ag | a € A} is defined for all s € S then b = V/A.
If cg=/\{ag|a € A} forall s e S then ¢ = /\A (that is, sups and infs over X are taken
componentwise). Thus, X is a cpo.

Proof. Vs € S. Va € A. ag < bg, so b is an upper bound for A. If e is another
upper bound for A, then Vs e S. bg < eg (since by is the least upper bound of {ag | a
A}). Thus, b <e, so b is the least upper bound of A. The argument that ¢ = /\A is similar.

Let A < X be a directed set, and let Ag = {ag | a € A}. If {ajs | i} is a finite subset
of Ag, then {aj | i} is a finite subset of A, so Je € A. Vi. aj<e. Then foreachs e S,
es € Agand Vi. ajg < e, S0 Ag is a directed set, and thus bg = \/Ag € Is. As we just

showed, b = \/A € X, so X is complete. ®
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Def. We use POWER(X) = {A | A < X} to denote the set of all subsets of X.

As explained in Section 3.2.2, POWER(X) is not appropriate for a lattice
structure, so we define equivalence classes on POWER(X) using the Scott topology. The

Scott topology defines open and closed sets as follows.

Def. A set A < X is open if TA c A and, for all directed subsets
CcX,\ICeA=CnA%¢.

Def. A set A = X is closed if LA = A and, for all directed subsets C = A, \/C € A.

We use CL(X) to denote the set of all closed subsets of X.

Def. Define a relation <g on POWER(X) as follows: A <gr B if for all open
CcX,AnC#=¢=BnC=d¢. Alsodefine arelation =g on POWER(X) as follows:
A=RB ifASR B and B<Rr A

Prop. C.3. The relation =g is an equivalence relation.

Proof. Clearly VA.A <R A and thus YVA.A=r A. And
A=RBo A<RB&B<RrA<B=RA IfA<gBand B <R C then for all open E c X,
ANnE#x¢=>BnE=#¢andBNnE#xd=>CnE+#¢,S0OANE+xdp=>CnE=¢,and
thus A <g C. So =g is reflexive, symmetric and transitive, and therefore an equivalence

relation. W
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If A=g Band C =R D, then A <R C < B <g D. Thus the equivalence classes of
=R are ordered by <r. Now we show that the closed sets of the Scott topology can be

used in place of the equivalence classes.

Def. Given an equivalence class E of the =g relation, let Mg = UE.

Prop. C.4. Given an equivalence class E of the =g relation, then Mg € E.
Proof. Pick some A € E. Then A < Mg so A <g Mg. For all open C ¢ X, we
have MENC#¢p =3B e E.BNC=¢ (since Mg= UE), butBNC=d=>ANC=¢

(since B<R A). Thus M <R Aand Me=gR AsoMg € E. &

Prop. C.5. Given an equivalence class E of the =g relation, then Mg € CL(X).

Proof. Given a € Mg and b < a, we need to show that Mg =g Mg U {b} and
hence that b € Mg. Clearly Mg <gr Mg u {b}. ForallopenCc X,ifb e Cthenae C
(sinceb<a)so Mg N C=#¢. Thus Mg L {b} <R Mg and b € Mg.

Next, given a directed set D — M, letb = \/D. Clearly Mg <g Mg u {b}. For
allopenCc X,ifb e Cthen3c e D.c e Csoc € Mg N C. Thus Mg U {b} <gr Mg and
b € ME.

This shows that Mg is closed. ®

Prop. C.6. Given equivalence classes E and E' of the =g relation, then
E<RE'Mgc Mg and E=E'< Mg =Mg. IfAc Xisaclosed set, then for some
equivalence class E, A = Mg.

Proof. Note that E <R E' < Mg <gr Mg.. If Mg < Mg then for all C ¢ X

(whether C is open or not), Mg N C # ¢ = Mg n C # ¢ and thus Mg <g Mg.. If



174

—MEg < Mg then there is a € Mg such that a ¢ Mg.. The complement of Mg, denoted
X\ Mg, isopen, and a € Mg N (X\ Mg") but Mg n (X\ Mg?) = ¢, S0 =Mg <R ME-.
E=E' = Mg =UE =UE'=Mg. Conversely,
Mg = Mg = Mg <R Mg & Mpr <SR Mg = E<RE' & E<RE'= E =FE'". ThusE <> Mg
is a one-to-one correspondence between closed sets and equivalence classes of =gR.
If A < Xisaclosed set, then A belongs to some equivalence class E so A ¢ Mg
and A =R Mg. If A= Mg then there isa € Mg such thata ¢ A. X\ Ais open and
ae Mg (X\A) butAn (X\A) =¢,s0 =Mg <g A. This contradicts A =g Mg so
A=Mg. &

The last proposition showed that there is a one to one correspondence between
the equivalence classes of =g and CL(X). Next, we show that these closed sets obey the

usual laws governing intersections and unions of closed sets in a topology.

Prop. C.7. If L is a set of closed subsets of X, then ()L is closed. If L is finite,
then UL is closed. Furthermore, for all x € X, {x € CL(X).

Proof. Ifx e (JLandy<x, thenforall Ae L,x e Aand VA c A, soy € A and so
y e (L. Thus 4L = (L. If Cis a directed subset C = (L, then forallAe L, Cc A
and \/C € A. Thus \/C e (L and [ L is closed.

Now assume L is finite. I1f x € UL and y <x, then for some A € L, x € A and
JAcA soyeAandsoy e UL. Thus JUL < UL. Let C be a directed subset C < UL
and assume that \/C ¢ L. Then VA e L. \/C ¢ A so, since all A € L are closed,

VA e L.-Cc A Thus VA € L. 3cp € C.cp ¢ A. Now, {cp | A € L} is finite, so
dceC.VAelL.cp<c. ButvVAelL.ca ¢ A= c ¢ A(since A e L are down sets), so

¢ ¢ UL. This contradicts C UL so we must have \/C e UL. Thus (UL is closed.
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Clearly J(Ix) = ¥x. If C < Ix is a directed set (or any subset of ¥x), then

Ve e C.c<xso0\/C<xandthus \/C e {x. Therefore {x is closed.

Now we show that the equivalence classes of the =g relation, and equivalently

CL(X), form a complete lattice.

Prop. C.8. If W is a set of equivalence classes of the =g relation, and then AW is
defined and /AW = E such that Mg = [ [{M,y | w € W}. Similarly, /W is defined and \/W
= E such that Mg is the smallest closed set containing U{M,, | w € W}. Thus the
equivalence classes of the =g relation form a complete lattice, and equivalently CL(X) is
a complete lattice. If W is finite and E = \/W, then Mg = U{M, | w € W}.

Proof. By Prop. C.7, [ /{M,y | w € W} is closed and, by Prop. C.6, must be Mg for
some equivalence class E. Now, vw € W. Mg < M, so Yw € W. Mg < M, and
vw e W. E <g w. If E'is an equivalence class such that Vw € W. E' <g w, then
vw € W. Mg € My, SO0 Mgr < Mg and E' <g E. Thus E = \/W.

By Prop. C.7, the intersection of all closed sets containing U{M,, | w € W} must
be a closed set and, by Prop. C.6, must be Mg for some equivalence class E. Now,
vw e W. My, € Mg so Vw € W. M, <g Mg and Yw € W. w <R E.

If E' is an equivalence class such that vw € W. w <g E', then Yw € W. M, € Mg, so
Mg contains U{M, | w € W}. Thus Mg = Mg and E <g E'. Therefore E = \/W.
If W is finite, then U{M,, | w € W} is closed and equal to Mg, where E =\/W. ®

Now we prove two propositions that will be useful for determining when sets of

tuples are closed.
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Prop.C.9.Ifae X,Bc Xanda<\/Bthena=\/{arb|b e B}.

Proof. Let ag and bg denote the tuple components of a and b. The order relation,
sups and infs of a cross product are taken componentwise, so it is sufficient to prove the
proposition for each tuple component. That is, we will show that
Vs e S.ag<\{ag A bg|b e B}.

For discrete s, Ig has the discrete order. If \/{bg|b € B} = L then ag = | and
Vs € S. bg = 1, and the conclusion is clearly true. Otherwise, let cg = \/{bg | b € B}.
Then Vb € B. (bg =L orbg=cg). Ifag=_1 then Vb € B.agA bg=_1 and
ag =1 =\/{ag A bg| b € B}. Otherwise ag = cgand Vb e B. ag A bg = bg and
ag=cg=\{bg|b e B}=\V{agA bg|b e B}.

For continuous s, the members of Ig are real intervals, or are L. Let ag = [Xs, Ys]
and bg = [x(bs), y(bs)], where we use x = -0 and y = +oo for ag = L or bg = L. The order
relation on I corresponds to the inverse of interval containment, sup corresponds to
intersection of intervals, and inf corresponds to the smallest interval containing the union
of intervals. First, note that Vb € B.aAb <aandthus\/{aAab|b e B}<a. So, itis
only necessary to show that a <\/{a A b | b € B}, or, in other words, that the intersection
of the intervals [min{xs, x(bg)}, max{ys, y(bs)}] for all b € B is contained in the interval
[Xs, Ys]. This intersection of intervals is
[c, d] = [max{min{xg, X(bs)}| b € B}, min{max{ys, y(bs)}| b € B}]. Now,
as < \/{bg | b € B} says that xg < max{x(bs) | b € B} and min{x(bs) | b € B} <ys. So for
at least one b € B, xg < x(bg) and min{xs, x(bs)} = Xs, and thus
¢ = max{min{xg, X(bs)}| b € B} > xg. Similarly d <ys, and so [c, d] < [Xs, Ys], showing

the needed containment. W
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Prop. C.10. If Y  CL(X) then B = {\/M | M c UY & M directed} is closed.

Proof. First, we show that B is a down set. By Prop. C.9,
a<\/IM=a=\{aAm|me M}, sowe need to show that \/{a A m|m e M} is directed
when M is. Given a finite set {a A bj | bj € M} there is ¢ in M such that Vi. bj < c, and
thus V/jbj < c. Now Vi. bj < Vjbj = Vi. a A bj <a A \jbj = Vj(a A bj) <a A Vjbj <
anc. Howeverance\[{faam|me M}, so{aArm|me M}isdirected, a € Band B
is a down set.

Next, we show that B is closed under sups. Let M be a directed subset of B and
we will show that a = \/M e B. For each m € M there is a directed set Q(m) < UY such
that m = \/Q(m). Define Q' = U{Q(m)|m € M} and Q = {\/C | C = Q' & C finite}. Note
that \/Q" exists (and = a) so \/C exists. For each finite C = Q', each ¢ € C belongs to a
member of Y. Thus C is a subset of a finite union of members of Y, which is a closed set,
so \/C must belong to this same closed set and therefore belongs to UY. Thus Q < LY.
Pick a finite set {gj} = Q. Each gj is the sup of a finite subset Cj = Q', and \/jqj is the
sup of the finite subset UjCj of Q'. Thus Vjgj € Q so Q is a directed subset of JY with

a=\/Q=\/Q', so aisa member of B. Thus B is closed under sups, and is a closed set.
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Appendix D

Proofs for Section 3.2.3

Here we present the technical details for Section 3.2.3.

Def. A set T of data types can be defined from the set S of scalars. Two
functions, SC and DOM are defined with T, such that VteT. SC(t) c S & DOM(t) < S.
T, SC and DOM are defined as follows:

(D.1) seS=seT(thatis,ScT)

SC(s) = {s}
DOM(S) = .

(D2) (fori=1,..n.tjeT)&(i=j=SC(t) N SC(t]) = ¢) = struct{ty;..;th} € T
SC(struct{ty;...;th}) = UiSC(tj)
DOM(struct{ty;..;tn}) = UiDOM(t;)

(D3) weS&reT&weSC(r)= (array [wW]ofr) e T
SC((array [w] of r)) = {w} u SC(r)
DOM((array [w] of r)) = {w} U DOM(r)
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The type struct{ty;...;tn} is a tuple with element types t;, and the type
(array [w] of r) is an array with domain type w and range type r. SC(t) is the set of
scalars occurring in t, and DOM(t) is the set of scalars occurring as array domains in t.

Note that each scalar in S may occur at most once in atypein T.

Def. For each scalar s € S, define a countable set Hg c Ig such that for all
a,beHg,anbeHgavbelg=avbeHg andsuchthat Va € Ig. 3A c Hg. a = VA
(that is, Hg is closed under infs and sups, and any member of Ig is a sup of a set of
members of Hg). For discrete s this implies that Hg = Ig (recall that we defined discrete
scalars as having countable value sets). Also note that, for continuous s, Hg cannot be a

cpo.

Def. Given a scalar w, let

FIN(Hy) = {A < Hy\ML} | A finite & Va, b e A. —(a < b)}.

Def. Extend the definition of Hitot € T by:

(D.4) t=struct{ty;...;tn} = Hi = Htl x..xHe

(D.5) t=(array [w] of r) = Hi =U{(A — Hp) | A € FIN(Hy)}
Def. Define an embedding E¢:Hy — U by:

(D.6) teS=Et@)=4(L,..a,..,L)
(D.7) t=struct{ty;...;tn} = Et((a,....apn)) = {b1v...vbp | Vi. bj € Eti (@)}
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(D.8) t=(array [w]of r) =
[ae (A>Hy) = Et(a)={bvc|xe A&Db e Ey(x) & c € Er(a(x))}]

The notation ¥(,...,a,..., L) in Eq. (D.6) indicates the closed set of all tuples less
than (L,...,a,...,L). As we will show in Prop. D.1, for all a € Hi and for all b € E¢(a),
bg =L unless s € SC(t). Thus bpv...vby in Eg. (D.7) is the tuple that merges the non-_L
components of the tuples b1, ..., bp., since the types tj in Eq. (D.7) are defined from
disjoint sets of scalars. Similarly, bvc in Eq. (D.8) is the tuple that merges the non-_L
components of the tuples b and c, since the scalar w does not occur in the type r. Prop.

D.2 will show that E{ does indeed map members of Hi to members of U.

Def. For t e T define Ft = E¢(Hy).

Prop. D.1. Givent € Tand A € Fy, for all tuples b € A,
Vs e S. (s ¢ SC(t) = bg=1).
Proof. We prove this by induction on the structure of t. This is clearly true for
t € S. For t = struct{ty;...;tn} pick b = bqv...vby € A € Ft, where bj € Bj Fti . Then
bg = b1gv...vbpg. By induction, Vi. ¥s. s ¢ SC(tj) = bjs = L, so
Vs. (Vi. s ¢ SC(tj)) = bg = 1, and so s. s ¢ U;SC(tj) = bg = L. But SC(t) = U;SC(t;).
For t = (array [w] of r) picka=b v c e A e Ft, whereb € B € F, and
c € C € Fy. Thenag=bg Vv cg. By induction,s=w =bg=_1ands ¢ SC(r)) = cg =1,

so Vs.s ¢ {w} U SC(r) = bg = L. But SC(t) = {w} U SC(r). =

The following propositions show that Ey maps members of H¢ to closed sets, and

that this mapping is injective.
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Prop. D.2. For all a € Hy, E¢(a) is a closed set.

Proof. We prove this by induction on the structure of t. Fort € S,

that E¢(a) = {bqv...vbp | Vi. bj € Eti (aj)} is closed, where a = (a1,...,apn). To show that

Et(a) is a down-set, pick b < bpv...vbp € Et(a). Then Vi. b A bj < bj and hence
Vi.b A bj e Eti (aj) (since these are down sets). Thus, by Prop. C.9,
b=(bAbgp)v..v(bAbp) € Et(a). Toshow that E¢(a) is closed under sups of directed
sets, pick a directed set C c E¢(a) and for all ¢ € C let ¢ = b1(C)v...vbp(c) where
Vi. bj(c) € Eti (aj). We need to show that Cj = {bj(c) | c € C} is a directed set. Pick a
finite subset {bi(Cj) | j} < Cj. Since C is directed, there is m € C such that Vj. cj<m.
Note that m = b1(m)v...vbn(m) where Vi. bj(m) € Cj. Since the tj have disjoint sets of
non-_L components, Vi. Vj. bi(Cj) <bj(m). Thus C;j is directed, and \/C;j Eti (aj). Hence
\/C =\V/Cqv..."\WIC}, € Et(a), and thus E(a) is closed under sups of directed sets.

For t = (array [w] of r), we need to show that
Et(@) ={bvc|x e A& b € Ey(X) & c € Er(a(x))} is closed, where a € (A — Hy).
Define Et(a)x = {bvc | b € E\y(x) & ¢ € Er(a(x))}. Note that E¢(a)y =
Estruct{w;r}((a, a(x))) [where struct{w; r} is a tuple type and (a, a(x)) € Hstruct{w;r}]
and thus, by the argument above for tuple types, E¢(a)y is closed. Also note that E¢(a) =
U{Et(a)x | x € A}. However, A is finite, so Et(a) is a union of a finite number of closed

sets, and thus is itself closed. ®
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Prop. D.3. The embedding E; : H — U is injective.

Proof. We prove this by induction on the structure of t.

Lettbe ascalarand a=b. Then —(a <b) or —(b <a). Assume without loss of
generality that —(a < b). Then (L,...,a,...,L) € ¥(L,...,a,..., L) = E¢(a) but
(L8, L) @ $(L,.o,b,..., 1) = E¢(b), S0 Et(a) # Et(b).

by the inductive hypothesis, Etk (ak) # Etk (bk). Assume without loss of generality that
ey € Etk (a). ck & Etk (bk), and for all i = k pick cj  Et. (aj). Then

c1v...vtn € Et((a1,...,ap)), but, since ck ¢ Etk (by) and since

Vs € S.Vi#k. ks # L = Cjg = L, c1v...vCp & Et((bq,....bp)). Thus
Et((@1.--.an)) # E¢((b1,....bn)).

Lett= (array [w] of r) and a= b wherea € (A > H,)and b € (B — H,). Then
either AzBor A=B & 3x € A. a(x) = b(x). In the first case (that is, A # B), assume
without loss of generality that 3x € A.x ¢ B. If 3y e B.x<ythen—3z e A.y <z
(otherwise x e A& z € A & x<2). Thus either 3x € A. =(3y € B.x<y) or
dy € B. —(3z € A. y <z). Assume without loss of generality that
Ix € A. =(3y € B.x<y). Thene =(L,....X,...,.L) € Ey(x) and —(3y € B. e € Ey(y)).
Pick f € Ep(a(x)). Then evf e Ey(a) but evf ¢ E¢(b), so E(a) = E¢(b). In the second
case (that is, A=B & 3x € A. a(x) = b(x)), by the inductive hypothesis, Ey(a(x)) #
Er(b(x)). Assume without loss of generality that 3x € A. 3f € E(a(x)). f ¢ Ep(b(X)).
Pick e € E\y(x). Thenevf e Ey(a) but evf ¢ E¢(b), so E¢(a) = E¢(b). ®

Because E; : H; — U is injective, we can define an order relation between the

members of H; simply by assuming that E; is an order embedding. If E; were not
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injective, it would map a pair of members of H; to the same member of U, and induce an

anti-symmetric relation on H;.

Def. Given a, b € Ht, we say that a < b if and only if E¢(a) < E¢(b).

The order that E¢ induces on Hy has a simple and intuitive structure, as the

following proposition shows.

Prop. D.4. If tisascalar and a, b € H¢ then Eq(a) < E¢(b) if and only ifa < b in I;.

Vi. Eti (aj) < Eti (bj) (that is, the order relation between tuples is defined element-wise).

Ift=(array [w] ofr),ifa,b € Hrand ifa € (A — Hy)and b € (B — Hy), then
E¢(a) < Et(b) if and only if ¥x € A. Eq(a(x)) < V{E((b(y)) |y € B & Ey(X) < Ey(y)} (that
is, an array a is less than an array b if the embedding of the value of a at any sample x is
less than the sup of the embeddings of the set of values of b at its samples greater than x).
Proof. Recall that members of U are closed sets ordered by set inclusion, so
Et(@) < Et(b) & Et(a) < Et(b). Lettbe ascalar. Ifa<bin I;then
Et@@) = 3(L,....a,....L) = {(L,....C,....L) | c<a}
{(L,....c,.... L) [c < b} =4(L,....b,..., L) = E¢(b).
Now assume that E¢(a) < E¢(b). Then
Et@@) = 3(L,....a,....L) = {(L,....C,....L) | c<a}
{(L,...c..... L) [c<b}=4(L,....h,..., 1) = E¢(b)

so (L,...,a,...,.L) € {(L,....c,....L)|c<b}soa<bin .
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Et((@g....an)) = {c1v...ven | Vi. cj e By, (ai)} <
{c1v..ven | Vi. ¢j € Eg, (b))} = Ex((b1....b)).
Now assume that E¢((a1,....an)) < Et((b1,...,bp)). Then
Et((@g....an)) = {c1v...ven | Vi. cj e By, (ai)} <
{c1v..ven | Vi. ¢j € Eg, (b))} = Ex((b1....b)).

[Parenthetical argument: assume that ci ¢ Etk (by), cj € Eti (aj) for i =k, and
C1V...vCp € Et((bq,....bp)). Then there are dj Eti (bj) such that cqv...vcp = dqv...vdp.
However, i # ] = SC(tj) N SC(tj) = ¢ so, by Prop. D.1, djg = L for s € SC(tk) and i # k.

Thus ckg = dks for s € SC(tk) and so ¢k = dk. This is impossible, so
C1V...vCn € Et((b1,...,bp)) and cj € Eti (aj) forizk=ck € Etk (by)-1

Thus Vi. (cj € Eti (@) =>cje Eti (bj)), or in other words, Vi. Eti (aj) Eti (by).

Lett=(array [w] ofr),a,b e Htanda € (A —> Hy) and b € (B — Hy). Assume
that vx e A. Ep(a(x)) < V{E((b(y)) |y € B & Ey(X) < Ew(y)}. Then
vx e A Er(a(x)) ¢ U{Er(b)) |y € B & Ey(x) < Ey()}-

Et(@) ={e v f|xeA & ecEy(X) & feE(a(x))} =
U{{e v f| ecEy(X) & feEf(a(x))} | xeA}.

Now, f € Ep(a(x)) = 3y € B. Eyy(X) < Eyw(y) & f € Ef(b(y)) and

e € Ey(X) & Eyw(X) < Ey(y) = e € Ey(y), so (continuing the chain)
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Uf{e v | ecEn() & feEr@())} | xeA}
Uf{e v ] ecEn(y) & feEr(b(y)) & Ew(x) < Ey(y) &y € B} |xeA}

U{{e v flecEn(y) & feEr(b())} |y € B} =
{e v flyeB &ecEyl(y) & feEr(b(y))} = Et(b).

Thus Et(a) < Et(b).
Now assume that E¢(a) < E¢(b). That is,

Et(@) ={e v | xeA & ecEy(X) & feEr(a(x))} <
Uf{e v f| ecEw(y) & feEr(b(y))} |y € B} = Et(b).

Since w ¢ SC(r), ecEy(x) & feEr(a(x)) & evf € E¢(b) = JyeB. ecEy(y) & feE(b(y))
[this is a result of the parenthetical argument in the tuple case of this proof]. Pick x € A
and f € Eg(a(x)), and define e = (L,...,X,...,L). Then 3yeB. ecEy(y) & feE(b(y)). Now
e € Ew(y) = x<y = Ey(x) <Ew(y) so f € U{Er(b(Y)) |y € B & Ey(X) <Ew(y)} =

VEEr(b(y)) |y < B & Ew(x) < Ey(y)}. Thus
VX € A. Era() < V{Er(b®)) |y € B & Ey(x) < Eyy)}. ™



